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Mixed-mode fracture of brittle cellular materials
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Dimensional argument analysis and near-tip singular in-plane shear stress of a continuum
model have been employed to derive the expression for mode Il fracture toughness of brittle
cellular materials. It was found that both mode | and |l fracture toughnesses have the same
dependence on cell size, relative density and modulus of rupture of solid cell walls, except
a microstructure coefficient included in their expressions. In addition, the linear
superposition principle was applied to calculate the bending moment exerted at the first
unbroken cell wall for brittle cellular materials under a combined loading of uniform tensile
and in-plane shear stresses. The resulting mixed-mode fracture criterion was compared to

existing experimental data in PVC foams; agreement was found to be good.

1. Introduction

There is a growing interest in the use of sandwich
panels with ceramic cellular cores as load-bearing
components in lightweight structures. For example,
sandwich panels with a cementitious foam core and
gypsum faces are typically used in building. Ceramic
cellular materials have excellent thermal insulation
and fire resistance but are brittle. Pre-existing cracks
in brittle cellular materials, resulting from manufac-
turing or machining, might cause catastrophic failure
at a tensile stress much less than the yielding strength.
Under some circumstances, the crack surface may not
be perpendicular to the imposed in-plane shear stress
which is the primary loading of core materials in
sandwich panels, producing a mode II or mixed-mode
fracture. The mixed-mode fracture criteria for solid
materials are invalid for cellular materials because
failure mechanisms are different. Therefore, mixed-
mode fracture of brittle cellular materials needs to be
fully exploited to understand crack propagation in
cellular materials and to ensure structural integrity of
sandwich panels.

Gibson and Ashby [1] proposed a bending model
of cell walls to analyse mechanical properties of cellu-
lar materials. They found that mechanical properties
of cellular materials are related to cell geometry and
material properties of solid cell-wall materials.
Fowlkes [2] measured mode I fracture toughness of
a rigid polyurethane foam from various types of speci-
mens to verify the applicability of linear elastic frac-
ture mechanics to the fracture of foams. McIntyre and
Anderton [3] confirmed the dependence of relative
density of rigid polyurethane foams on their mode
I fracture toughness: Kj. increases with increasing
relative density. Bulk and microscopic models for the
mechanical behaviour of cellular glass were attemped
by Zwissler and Adams [4]. It was found that fracture
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strength, tensile elastic modulus and fracture tough-
ness increase linearly with density. The influence of
anisotropy on the fracture toughness of woods, which
have a similar microstructure to honeycombs, was
studied by Ashby et al. [5]. The fracture toughness of
cellular materials is directionally dependent if they are
not isotropic. The mode I, Il and mixed-mode fracture
of PVC foams were investigated by Zenkert and
Backlund [6, 7]. They found that Kjic is slightly larger
than Kf.

Maiti et al. [8] utilized the bending model of cell
walls in cooperation with the near-tip singular tensile
stress of a continuum model to derive the expression
for mode I fracture toughness of cellular materials.
Results indicated that Ky of cellular materials de-
pends on cell size, relative density and modulus of
rupture of solid cell walls. In their modelling, the
modulus of rupture of solid cell walls was assumed to
be constant. In practice, the modulus of rupture of
a brittle cell wall is mainly controlled by its volume,
giving a cell-size effect. Cell-size effects on fracture
strength of foamed glass [9] and on mode I fracture
toughness of reticulated vitreous carbon foam [107],
were observed. Huang and Gibson [11, 12] studied
the variable strength of solid cell walls using Weibull
statistic analysis. It was noted that the Weibull
modulus of solid cell walls plays an important role in
determining optimum cell size to obtain a higher value
of K.

The present work was aimed at deriving the expres-
sion for mode I fracture toughness and a mixed-mode
fracture criterion because they are essential for the
analysis of crack propagation in brittle cellular mater-
ials. The bending model of cell walls, dimensional
argument, as well as the near-tip singular stress field of
linear elastic fracture mechanics, were employed to
analyse the mode II and mixed-mode fracture for
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Figure 1 An infinite honeycomb plate with a central crack under
a uniform tensile stress.

honeycombs and foams. The mixed-mode fracture cri-
terion from the theoretical modelling has been com-
pared with existing experimental data in PVC foams

[7].

2. Honeycombs

A typical honeycomb with a central crack, a*, cell
length, L and cell wall thickness, f, i1s under a remote
uniform tensile stress, ¥, as shown in Fig. 1. The
expression for mode I fracture toughness is found to

be [8]

P\

Kic = Cyog(nl)'? (?) (1)
where C, is a microstructure coefficient and was nu-
merically found to be 0.18 by Huang and Chiang [13],
and oy, is the modulus of rupture of solid cell walls. p*
and p, are the densities of honeycombs and the solid
material from which they are made, respectively.

2.1. Mode |l fracture of brittle honeycombs
Fig. 2 illustrates a honeycomb plate with a central
crack, a*. It is assumed that the crack length is much
larger than the cell size of honeycombs. A remote
uniform in-plane shear stress, 7%, is imposed on the
outermost layer of the honeycomb plate, generating
a singular near-tip stress field in linear elastic fracture
mechanics [14]. The resulting in-plane shear stress,
., along the crack surface is

K3 ¥ (na*)?

= T ™ T e @

The distance, r is measured from the crack tip located
at the centre of the first unbroken cell, as shown in
Fig. 2. Kj; is the mode II stress intensity factor and is
proportional to T*(ra™®)!/2. The expression for mode IT
fracture toughness of honeycombs can be derived by
using dimensional argument analysis in conjunction
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Figure 2 An infinite honeycomb plate with a central crack under
a uniform in-plane shear stress.

with Equation 2. That is, the integration of the result-
ing in-plane shear stress over a distance of one cell size
gives the total shear force carried by the first unbroken
cell wall

2lcos®
V o« J Tyybdr

0
oc b (a*)H? 3)

The bending moment exerted at the first unbroken cell
wall 1s proportional to V1

M o t*bl(a*])V? )

The critical skin stress of the first unbroken cell wall
can be calculated from the elementary mechanics of
materials

M
bt?

E)T

The crack advances when the critical skin stress
reaches the modulus of rupture of solid cell walls. At
the moment, the imposed uniform shear stress has
a maximum value called the fracture strength, tf

TF o O G)z <a—l*>l/2 (6)

Once fracture strength and crack length are known,
the mode II fracture toughness of the honeycomb can
be calculated

Ve

Kie = w(ra®)}?
t 2
« o <l> () )

The relative density of the honeycomb, p*/p,, is pro-

portional to /1. As a result, the expression for mode 11

fracture toughness of honeycombs can be written as
Py’

Kic = Cyop(nl)'? <F> ®)
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Figure 3 An infinite honeycomb plate with a central crack under
a combined loading of uniform tensile and in-plane shear stresses.

where C, is a microstructure coefficient and must be
determined empirically or numerically.

2.2. Mixed-mode fracture of brittle
honeycombs

An infinite honeycomb plate under a combined load-
ing of uniform tensile and in-plane shear stresses is
shown in Fig. 3. It is assumed that brittle honeycombs
are linear elastic up to fracture, resulting in the ap-
plicability of linear superposition principle in elastic-
ity. The bending moment acting at the first unbroken
cell wall for the honeycomb subject to a single tensile
stress and a single in-plane shear stress can be cal-
culated, respectively. Linear superposition of the two
resulting bending moments gives

M = le*bl(a*l)l/z+d2‘c*bl(a*l)1/2 ©)

where d, and d, are constants depending on. cell
geometry of honeycombs. Because bending moment
dominates cell-wall deformation in cellular materials,
the critical skin stress of the first unbroken cell wall is
hence found to be

M
bt?

(dio* + dyv*) (a*D)?
oC ZZ

o, o«

(10)

When the critical skin stress exceeds the modulus of
rupture of solid cell walls, mixed-mode fracture will
occur. Therefore, the maximum combined loading
of uniform tensile and in-plane shear stresses
(dyc* + d,t*)s, at which crack propagates, is:

: .
(dyo* + dyt®)e (na)? o c@ @) (1)
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Figure 4 An idealized model of foam plate with a central crack
under a uniform tensile stress.

The left-hand side of the above expression represents
a linear combination of mode I and 11 stress intensity
factors. Thus, the mixed-mode fracture criterion for
honeycombs can be expressed as

*\ 2

d1KT + dKii = ds6g(ml)'? (%’) (12)
Here d5 is another microstructure coefficient of honey-
combs. For a specific honeycomb, the right-hand
side in Equation 12 is constant, regardless of the
magnitude of imposed tensile and in-plane shear
stresses. Dividing both sides of Equation 12 by
o5(nl)H2 (p*/py)?* and then employing the relation-
ships between K&, K and og(nl)? (p*/ps)* (Equa-
tions 1 and 8) to rearrange the mixed-mode fracture
criterion as

dK{
Kic/Cy

K
Kiic/C,

= ds (13)

The above mixed-mode fracture criterion must be
applicable for the two special cases, K} = K¢ for
mode 1 fracture and K = K for mode II fracture.
Two relationships are obtained, d,C; =d; and
d,C, = d5. The mixed-mode fracture criterion for
brittle honeycombs can be further reduced to

K  Ki

=1 14
KE T Kie 14

3. Foams

Mechanical properties of foams are described well by
the bending model of cell walls proposed by Gibson
and Ashby [1]. An idealized model of a foam plate
with a central crack under a uniform tensile stress is
shown in Fig. 4. Using dimensional argument analysis,
Maiti et al. [8] were able to derive the expression for
mode I fracture toughness of foams as a function of
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Figure 5 An idealized model of foam plate with a central crack
under a uniform in-plane shear stress.

cell size, relative density and the modulus of rupture of
solid cell walls

p* 3/2
K;kc = Cscfs(ﬁl)”z(F) (15)

where C; 1s a microstructure coefficient and was ex-
perimentally found to be 0.65 [8].

3.1. Mode Il fracture of brittle foams

When an infinite foam plate with a central crack under
a uniform in-plane shear stress, as shown in Fig. 5; is
of concern, the near-tip singular in-plane shear stress,
Ty can be utilized again to calculate the total shear
force carried by the first unbroken cell wall

[
V « J'rxyldr

4]
o t*l(a*)H? (16)

The critical bending moment exerted at the first un-
broken cell wall is simply proportional to the product
of total shear force and cell size

M «< Vi
oo THP(a*)? (17)

When the critical bending moment reaches the max-
imum resistance moment My = 6¢2°/6 of solid cell
walls with a cross-sectional area of %, the crack propa-
gates and mode TI fracture occurs. Consequently, the
fracture in-plane shear strength is

A3/ 1\1/2
o onls) = (18)
) a*

The relative density of foams is proportional to the

square of t/l. The expression for mode II fracture

toughness of foams can be obtained once the fracture

in-plane shear strength and crack length are known
p* 3/2

Kiic = C405(nl)!? <p_> (19)

5
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Figure 6 An idealized model of foam plate with a central crack

under a combined loading of uniform tensile and in-plane shear
stresses.

where C, is a microstructure coefficient of foams and
must be determined empirically.

3.2. Mixed-mode fracture of brittle foams

When a foam plate is under a combined loading of
uniform tensile and in-plane shear stresses as shown in
Fig. 6, the bending moment acting at the first unbro-
ken cell wall is a linear combination of the induced
bending moments by the uniform tensile stress and by
the uniform in-plane shear stress. The critical skin
stress of the first unbroken cell wall is found to be

. ([dso* + dst) (@)

G, 3

(20)
where d, and ds are constants. The critical skin stress
increases until it reaches the modulus of rupture of
solid cell walls. The maximum combined loading of
uniform tensile and in-plane shear stresses
(d40* + dsT*), at which crack propagates, is

3
(d45*+dsf*)f(7m*)1/2 « Gst) (TCZ)I/Z D

The left-hand side of the above expression is again
a linear combination of modes I and II stress intensity
factors. Thus, the mixed-mode fracture criterion for
brittle foams can be expressed as
p* 3/2
A K+ dsKf = dgoe(rnl)t? (p—) (22)

S

where dg is a microstructure coefficient of foams. The
right-hand side of Equation 22, which is dependent on
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Figure 7 Two solid cell walls for brittle honeycombs with different
cell size but the.same relative density.

cell size, relative density and material properties, can
be converted to mode I fracture toughness and mode
II fracture toughness individually

d. K dsK3
Kit/Cs  Kiic/Ca

The above mixed-mode fracture criterion must be
valid for the cases K = K¢ for pure mode I and
K = Kjic for pure mode II. Therefore, the mixed-
mode fracture criterion for brittle foams can be further
reduced to a simple form
K{ Ky

* *
KIC K Inc

ds (23)

=1 (24)

4. Discussion

Ki and K¢ of brittle cellular materials increase with
relative density and cell size if the modulus of rupture
of solid cell walls is regarded as a constant. Also, either
Ki or Kfic is cell geometry dependent. A microstruc-
ture coefficient included in each expression of Kig and
Kiic should be determined numerically or experi-
mentally.

The brittleness of solid cell walls, however, will
affect their modulus of rupture; brittle solids with
a larger volume have a higher value of modulus of
rupture. As a result of that, the mode II fracture
toughness of brittle cellular materials is controlled by
the pre-existing crack-size distribution in solid cell
walls. One way to describe the brittleness of solid cell
walls is applying Weibull statistic analysis for variable
modulus of rupture. Fig. 7 illustrates two solid cell
walls for honeycombs with different cell size but the
same relative density. That is, V; > V,, t; >, and
Iy > I, but t{/l; = t,/l,. The ratio of modulus of rup-
ture for the two solid cell walls can be obtained using
Weibull statistic analysis [11]

Ofs,1 <E>1/m
Ofs,2 1

(bt \'
- (52) @)

where m, larger than zero, is the Weibull modulus of
solid cell walls. Solids with a lower value of m are more
brittle. Because the two solid cell walls have same
width, b, and relative density, the ratio of modulus of
rupture is further reduced to

2fm
Sre1 _ (l_2> / (26)
Gfs,2 ly
It is clear that the modulus of rupture of solid cell
walls increases with decreasing cell size for same den-
sity honeycombs and the magnitude of increase de-
pends on the Weibull modulus.

The ratio of mode 1II fracture toughness for two
same-~density but different cell size honeycombs can be
calculated by substituting Equations 26 into Equation
8, gives

%
KIIC,l
*
KIIC,Z

o1 (1)
Gfs,z(lz)1/2

(L P
ST

The above result indicates that there is a cell-size effect
on the mode II fracture toughness of brittle honey-
combs. When m > 4, honeycombs with a larger cell
have a higher value of mode II fracture toughness;
when m < 4, Kjjc increases with decreasing cell size;
when m = 4, there is no cell-size effect. A similar result
is obtained for brittle foams using the same procedure:
Kiic of brittle foams increases with increasing cell size
if m > 6; when m < 6, Kfi decreases with increasing
cell size. The Weibull modulus effect on K is the
same as that on Kji derived by Huang and Gibson
[11, 12}

From Equations 14 and 24, it is noted that the
mixed-mode fracture criterion for brittle cellular ma-
terials is a linear combination of K{/Ki: and Ki/Kic.
For solid materials , the energy-balance criterion re-
quires that the total energy release rate in mixed-mode
fracture is the summation of mode I energy release
rate and mode II energy release rate [14]. Normally,
Kic is not equal to Kjic. Therefore, a modified mixed-
mode fracture criterion is usually applied for solid

materials
) ()
— ) + = =1 28
(K:z i (28)

The above equation is a elliptic function of K{/Kj-
and K5 /Kfic. That is, the mixed-mode fracture cri-
terion for brittle cellular materials is completely differ-
ent from that for solid materials.

The mixed-mode fracture criterion for brittle
honeycombs and foams must be verified before it is
used to examine if a crack under combined loading of
uniform tensile and in-plane shear stresses will propa-
gate. However, the experimental results of mixed-
mode fracture in brittle cellular materials are limited.
Existing experimental results of mixed-mode fracture
in PVC foams by Zenkert [7] as shown in Fig. 8 are
compared with the theoretical modelling. It is seen
that the experimental data of mixed-mode fracture in

"PVC foams are close to a straight line corresponding

2651



{MPa m"?)

*x
]

K

0.00 T T T T T YT
000 010 ~ 020 030 0.40 050
K} (MPa m"™)

Figure 8 (—) The mixed-mode fracture criterion for brittle cellular
materials (Equation 24) compared to (@) experimental results in
PVC foams [7].

to Equation 24. Agreement in Fig. 8 supports the view
we proposed, giving the confidence of utilizing Equa-
tion 24 to check if crack propagation in brittle foams is
likely to occur.

At the same time, the mixed-mode fracture criterion
for brittle cellular materials can be extended to the
case of a combined loading of uniform tensile, in-plane
shear and out-of-plane shear stresses. Because solid
cell walls are linear elastic up to fracture, the bending
moment exerted at the first unbroken cell wall ahead
of crack tip is a linear combination of those subject to
a single tensile stress, a single in-plane shear stress and
a single out-of-plane shear stress. The mixed-mode
fracture criterion thus becomes

% & %
K 1 + K i3 K 11X

% % %
K IC K 1C KIIIC

= 1 (29)

where Ky and K are the mode III stress intensity
factor and fracture toughness, respectively.

5. Conclusion

The expression for mode II fracture toughness and the
mixed-mode fracture criterion for brittle honeycombs
and foams are derived. It is found that both mode
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I and 1I fracture toughnesses of brittle cellular mater-
ials depend on their cell geometry, relative density and
the modulus of rupture of solid cell-wall materials.
When the variation of modulus of rupture is taken
into account, there is a cell-size effect: Kiz and
Kjic increases with increasing cell size for honeycombs
with m > 4 and for foams with m > 6. In addition, the
mixed-mode fracture criterion for brittle cellular ma-
terials, different from that for solids, is compared with
experimental results in PVC foams; agreement is
good. Because brittle solid cell walls are linear elastic
up to fracture, the mixed-mode fracture criterion is
extended to the case of a combined loading of uniform
tensile, in-plane shear and out-of-plane shear stresses.
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